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Abstract 

We consider general black hole solutions in five-dimensional spacetime in the presence of a neg- 
ative cosmological constant. We obtain a cosmological evolution via the gravity/gauge theory 
duality (holography) by defining appropriate boundary conditions on a four-dimensional bound- 
ary hypersurface. The standard counterterms are shown to renormalize the bare parameters of 
the system (the four-dimensional Newton's constant and cosmological constant). We discuss the 
thermodynamics of cosmological evolution and present various examples. The standard brane- 
world scenarios are shown to be special cases of our holographic construction. 
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1 Introduction 



In recent years, understanding cosmology within the framework of string theory, has been an 
active and interesting field of study. Starting with [1] , a substantial amount of research has been 
based on modeling the Universe by a 3-brane living in a higher-dimensional bulk space (brane 
world scenario). An incomplete hst of references is [SlElllElElElElEllIOllIIllllllIS]. The 
Hubble equation of cosmological evolution is thus reproduced by the trajectory of the brane. 

A different approach to understanding dynamics starting with a higher-dimensional bulk 
space is provided by the AdS/CFT correspondence [H]. In this approach, a solution of the 
Einstein equations in a space with a negative cosmological constant is shown to be dual to a 
gauge theory of lower dimension living on the boundary (gravity/gauge theory duality). The 
stress-energy tensor of the gauge theory is constructed using holography jl5j . This affords an 
understanding of the gauge theory at strong coupling, which has been applied to various physical 
systems, such as the quark-gluon plasma formed in heavy ion collisions and high temperature 
superconductors. It is possible to understand the motion of a fluid, including time-dependent 
flows. An application to cosmology, which is our interest here, has also been discussed \16\ I17|. 

Applying the gravity /gauge theory duality to a cosmological setting is not straightforward 
due to the fact that the metric on the boundary space in which the gauge theory lives must remain 
dynamical. This was long thought to be problematic due to the possibility of the fluctuations 
of the bulk metric corresponding to non-normalizable modes [181 EHl [201 EH I22l ESI [23] . It was 
shown in [25], that such problems can be avoided by introducing appropriate counterterms on 
the boundary needed to cancel the infinities. 

In applications of the gravity /gauge theory duality (holography) to cosmology and other 
settings, one generally places the boundary at a finite distance r and then takes the limit as 
the cutoff r — )• cxD. The removal of the cutoff introduces infinities, which are canceled by the 
addition of a local action on the boundary with r-dependent coefficients (counterterms). Unlike 
in quantum field theory, where counterterms are interpreted as renormalization of the (bare) 
parameters of the system, it is not clear if counterterms have a similiar physical meaning in a 
holographic setting. 

Here we generalize the holographic approach to cosmology by placing the boundary hyper- 
surface at a finite distance r and derive expressions for the various physical quantities (e.g., the 
stress-energy tensor) which are valid for arbitrary r. This leads to a generalized Hubble equation 
of cosmological evolution. We still need to introduce the standard counterterms to avoid infinities 
at large r. We show that these counterterms have the usual field theoretic interpretation of renor- 
malizing the (bare) parameters of the system, namely Newton's constant and the cosmological 
constant. Moreover, we recover the brane-world scenario by fine-tuning Newton's constant. Thus 
we show that brane-world scenarios are a special case of our generalized holographic approach. 

Our paper is organized as follows. In section [2] we discuss the bulk space concentrating on 
a time- independent solution (general black hole) of the field equations, and define the boundary 
hypersurface. In section [3] we introduce the boundary conditions and the counterterms needed to 
cancel infinities. We calculate the stress-energy tensor and derive the Hubble equation of cosmo- 
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logical evolution. In section H] we discuss the example of a bulk Reissner- Nordstrom black hole 
including thermodynamics. In section[5]we discuss various examples of cosmological evolution. In 
particular, we show that the brane-world scenarios are a special case of our holographic approach. 
Finally in section [6] we conclude. 



2 The Bulk 



We start with a non-extremal black hole in a 4 + 1 dimensional bulk space in the presence of a 
negative cosmological constant 

As = . (1) 

We consider the metric ansatz 

dsl = -A{r)df + B{r)dr'^ + r'^d^l , (2) 

r being the radial direction, and k = +1,0, —1 depending on the geometry of the constant {t^r) 
hypersurfaces (spherical, flat, or hyperbolic, respectively). More general metrics are also possible, 
but will clutter the notation unnecessarily. In section HI we shall concentrate on the special case 
of a Reissner-Nordstrom black hole for explicit calculations. 

Asymptotically, we have AdS space of radius L, therefore as r — )• oo, 

Mr) - 1^ - 5 ■ (3) 

We introduce a radial cutoff, r = a and parametrise a and t as a = a{T) and t = t(r) so that 
a = ddt. Then the metric on the cut-off surface (boundary) takes the form 



-A{a)A' + B{a)d^ 
dr 



dT' + a\T)d^i. (4) 

In order that the metric on the boundary take the FRW form, 

dsl = -dr"^ + a^{T)dnl , (5) 
the metric components should satisfy the relation 

This in turn fixes our choice of the time parameter r. Notice also that if Th is the Hawking 
temperature, then the temperature on the boundary is redshifted, 

T = '^^ 



(7) 



This kind of parametrization has been used before, e.g., in [26 ^ 1271 [28] . Note that, while treating 
r as a time parameter, we are effectively considering the radial motion of the cut-off surface in 
the 4 + 1 dimensional bulk. By adopting appropriate boundary conditions, the cut-off surface can 
be thought of as the location of a brane, mimicking a moving brane scenario. 
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3 Boundary Conditions 



The heart of the construction we are going to elaborate on is based on the observation that the 
afore-mentioned dynamics of the boundary hypersurface will be captured through the boundary 
conditions we impose on the system. This approach was first adopted in jT7j . 

Let us consider a general five dimensional bulk action, 

S5= f d^x^C^ , (8) 

JM 

where we keep the Lagrangian density £5 unspecified. In the simplest case, this consists of a five- 
dimensional Einstein-Hilbert action with a negative cosmological constant ([1]) plus the requisite 
Gibbons-Hawking surface term for a well-defined variational principle. If one varies this action 
with respect to the metric, one obtains a boundary term of the form 

^^5 = ^/ d^xV^r(^FT)5^.., (9) 
^ JdM 

where 7^^*^ is the induced boundary metric and 7 is its determinant. T^u denotes the (bare) 
stress-energy tensor of the dual conformal field theory that lives on the four-dimensional boundary 
hypersurface r = a. Generally in the context of the AdS/CFT correspondence, Dirichlet boundary 
conditions are employed, which fix the boundary metric and consequently eq. ([9]) vanishes. While 
this leads to a well-defined variational principle, it does not allow for a dynamical boundary 
metric. Since we are primarily interested in obtaining a cosmological evolution and hence a 
dynamical metric on the boundary, we seek different boundary conditions that can be imposed 
without fixing the metric on the boundary. It was noted in [17] that one could adopt appropriate 
mixed boundary conditions, which were shown to lead to valid dynamics in [25]. Their definition 
involves the addition of an appropriate local action, Siocah at the boundary. For cosmological 
evolution, this local action will be chosen as the four-dimensional Einstein-Hilbert action on 
the boundary with an arbitrary (positive, negative, or vanishing) four-dimensional cosmological 
constant A4, 

5local = -TTtV / d^X^{n[^] - 2A4), (10) 
lD7rG4 JdM 

where TV^pf] is the Ricci scalar evaluated with the boundary metric which, in our case, is the FRW 
metric ([5]). Notice that the cosmological constant may be due, wholly or partly, to a brane of 
finite tension at the boundary. 

Additionally, to cancel divergences in the limit a — )• 00, it is necessary to introduce coun- 
terterms [15] . These are of the same form as the local action and renormalize the four-dimensional 
physical parameters G4 and A4. We have 

Set. = -\ I d^xV^i^iTZYi] + K2) , (11) 
2 JdM 

which diverges as a — )• 00. The parameters ni and K2 will be chosen so that physical quantities 
such as the energy density and pressure remain finite in this limit. 
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Putting these pieces together, we define our boundary condition as 

T^S""^^ + Tl^r'^ + Tl-'-^ = 0, (12) 

where Tj^u^"^^ is due to the variation dS^ (eq. ([9|)), and the other two terms, T^l?'^^'^ and tIiu^'^ 
come from the variations 



^'S'local 



^ JdM 



2 JdM 



\ I d'x^Tl^'-hr" , (13) 
2 JdM 



^ JdM 

respectively, with respect to the boundary metric, 'j^u- Similarly to Dirichlet boundary conditions, 
the choice (|12|) leads to a well-defined variational principle with 

6S5 + <55local + SSc.t. = . (14) 

To see the explicit physical content of our mixed boundary conditions (|12p . we shall derive ex- 
plicit expressions for each of the three contributing terms. The bare stress-energy tensor on the 
boundary is given by 

T^7^^ = ^^{JC^u - JCj^.) , (15) 

where IC^u is the extrinsic curvature, and /C is its trace. The components of this tensor can be 
evaluated by computing the velocity and unit normal n'^ vectors on the boundary hypersurface, 
r = a{T). For the metric ([2]), these vectors are given in component form as 

-^,a,0,0,0j ; v^ = (^-VAB,Bd,0,0,0) . (16) 

and 

^a,-^,0,0,Oj ; n^= [VABh,-VBB, 0,0,0) , (17) 

respectively. The direction of the unit normal vector is taken to be pointing inward, toward the 
bulk. The extrinsic curvature can be written in terms of the unit normal and velocity vectors as 

ICij = ^n'^dk-fij JCrr = (1^) 

Explicitly, they are 

JCij = as^iij , JCrr = - {2ABd + (ABYd + A') , (19) 

where i,j are indices for the spatial coordinates on the boundary (spanned by 0^). 

We deduce the explicit expressions for the components of the bare stress-energy tensor (fTSjl , 



rj^i (CFT) _ 1 aA'B + A[aB'd + 2B {ad + 2d^) + 4] 



levrGs aAVBB ' ^^^^ 
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where no summing over the index i is impHed. Notice that the energy density Ttt obtained 
above is negative, however we should emphasize that this is only a bare quantity and therefore not 
physical. It will be corrected by the addition of counter terms resulting into a positive regularized 
(physical) quantity. 



For the remaining two contributions in (jl2p . we obtain the standard expressions one en- 
counters in Einstein's four-dimensional equations, 

Tl^r'^ = (n^u - li^uTi - A47^.) , T(-t-) = -K, {n^, - \i^.un) -^n^. , (22) 

where 7?.^^ (TZ) is the four-dimensional Ricci tensor (scalar) constructed from the four-dimensional 
boundary metric 7^;^. The counter terms diverge in the limit a — )• 00, and the parameters ki 

and K2 will be chosen so that they cancel the divergences in the bare stress-energy tensor T^,y 
Notice that the counter terms are of the same form as the terms coming from the local action. 
Therefore, they admit the standard interpretation of inducing the renormalization of the physical 
four-dimensional constants G4 (Newton's constant) and A4 (cosmological constant). 

The regularized (physical) stress-energy tensor is 

= r(^FT) + r(--) . (23) 

We deduce the energy density and pressure, respectively, 

(reg) r / „2 k 2a\} 1 aA'B + A [aB'h + 2B {aa + 2h^) + 4] 



a? a J] levrGs aAy/BB 

(24) 

where H = a/a is the Hubble parameter. The choice 

3L 3 

ensures finiteness in the limit a — t- oo. Unlike the bare energy density ()20p . the regularized energy 
density e is positive. 



The boundary conditions (jl2p now read 

- ^7/..7^ - A47/.. = 87rG4r^L'^) , (26) 
which are the four-dimensional Einstein equations in the presence of a cosmological constant. 

The cosmological evolution equation is the rr component of the Einstein equations (j26p . 

2,k A4 _ SttGa 



where e is the energy density given in (j24p under the condition (I25p . This is deceptively similar to 
the standard equation of cosmological evolution. However, it differs in an essential way, because e 
contains contributions that involve the Hubble parameter H = a/ a, leading to novel cosmological 
scenarios. 
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4 AdS Reissner-Nordstrom black hole 



In this section we take up the example of an asymptotically AdS charged black hole, namely AdS 
Reissner-Nordstrom black hole for which the functions A and B oi ^ are 

The parameters M and Q are related to the mass and charge of the black hole, respectively, k 
can be +1, 0, or —1 depending on whether the black hole horizon is spherical, flat, or hyperbolic, 
respectively. 



The Hawking temperature is 



2tt + A: 



where r_|_ is the radius of the horizon satisfying 



^2 ^ 

The entropy is 



^(r+) = ^ + ^-^ + ^ = 0. (30) 



S = . (31) 

where V3 is the three-dimensional volume spanned by 17^. Notice that the entropy is independent 
of a, and therefore constant in time, leading to an adiabatic evolution. 



According to ([7]), the redshifted temperature on the boundary is 



+ A{a) 

For large a, it is expanded as 



(32) 



T=^-^(h' + ^]+... . (33) 



a 2a 

Similarly, we expand the regularized energy density and pressure (p^. respectively, 
3L3 f/^„ am] 



647rG5 [V aV L'^a^ } 

\frr2 AkM 8Q2 am H^] 



1287rG5 [V aV L^a^ L^a^ 

\(rr2 AM / . k\a 

3L^ { f n k\^ AkM 8Q2 AM / , k \^ a 8 Md' 



1287rG5 [V «V L^a^ L^a^ L"^ a* \ a^ J a 3L j 
+ .... (35) 
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We deduce the conformal anomaly which is given by the trace of the stress-energy tensor, 
TrT = e-3p 



64^ 



k 



a 
a 



4 Ma 



+ .... (36) 

The first term is the standard conformal anomaly one obtains in the large a limit |17j . 

As an example, consider the case of a flat static boundary of a Schwarzschild black hole. 
Then k = 0, Q = 0, and H = 0. The radius of the horizon is r+ = (ML^)^/^. The expressions 
for the energy density, pressure and temperature simplify to, respectively. 



T 



1--T , p = t: 



1 



T 



TiLaxIl - '-^ 



In the large a limit, we deduce the expansions 
3 / (vrLr)^ 7{7rLTf 



SttG^L 



+ ... 



P 



1 ({t^LTY ^{irLTf 



(37) 



+ ... . (38) 



Thus, at leading order, we have e = 3p oc T^, as expected for a conformal fluid. Including 
next-order corrections, we no longer have a traceless stress-energy tensor. 



Returning to the general case, we obtain the law of thermodynamics 

dE = TdS - pdV + <^dQ , 
where E = eV, V = a^V^ is the volume, and <I> is the potential 

Q 



G50 



(39) 



(40) 



This is easily verified, e.g., by differentiating with respect to r, r+, and Q (after using ([30|) to 
express M in terms of the other two parameters, r_|_ and Q). 



5 Cosmological Evolution 



Next, we discuss various explicit examples of cosmological evolution based on an AdS Reissner- 
Nordstrom black hole. For simplicity, in what follows we shall be working with units in which 
L = l. 
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The Hubble equation ()27p can be massaged into the form 



where we introduced the convenient combinations of parameters 



^4 

The Hubble equation can be expanded for large a as 



a2 3 I6G5 IV aV L2tf 

T4 



G.L"^ f /„o 1 \ ^ 4M 8Q2 4M 



At leading order, it coincides with the result obtained in |17j . 

After squaring (I4ip . we obtain a quadratic equation for H^. However, only one of the two 
roots is a solution of (jH]). Let us concentrate on the range of parameters with /3 > 0, L' > 0. We 
obtain 

^2 ^ U ^ . (44) 

^ + ^-¥ + v/i + ^ + (^(«)-^)S 

This can be solved for a = a(r) to obtain the orbit of the boundary hypersurface. Once a solution 
of is obtained, we still need to verify that it satisfies (jH]), because the solutions of (j^Tj) in 
general form a subset of the solutions of 



The fixed points of the orbits are found by setting if = in (I4ip . They are solutions of 

V{a)^^-^l3-l^) = 0. (45) 

These fixed points are also fixed points of ()44p . but the converse is not always true. 
With the choice of parameters such that /3 = [22], eq. (|44p simplifies to 

which coincides with the results from a brane world scenario. Thus we recover the evolution of 
a 3-brane in a five-dimensional bulk space if we fine tune the parameters of our system so that 
/3 = 0. 

The fixed points are solutions of 

V{a)^l + ^-l^) = 0. (47) 
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Notice that no fixed points exist between the outer and inner horizons (with A{a) < 0), because 
of the square root in the potential V{a). Notice also that V{a) w ^ as a — )■ oo, so the sign of 
the potential is determined by the sign of A4, and at the horizon, = > 0. Up to two 

fixed points can be outside the horizon. However, our classical results likely receive significant 
quantum corrections as we approach the horizon. Therefore, our results are reliable for orbits 
away from the horizon, which typically end at infinite distance from the horizon. 

For A4 = 0, we recover from (|46p the brane world scenario of [30]. This scenario is depicted 
in figure [la] for k = +1 , M = 8 , Q = 1. We notice here that we have only one solution that 
is bouncing. Of the two turning points, one is inside the inner horizon and the other outside the 
outer horizon. There is no fixed point between the inner and outer horizons, as noted earlier, 
because of the presence of the square root in the potential V{a) (I45p . This can be explicitly seen 
from figure [2a| where we see clearly the position of the inner fixed point as the point where the 
solid line cuts the a-axis. After crossing the turning point outside the outer horizon, the square 
of the Hubble parameter becomes negative and hence unphysical. The orbit of the bouncing 
solution is shown in figure [31 Although we reproduce the bouncing cosmology of Mukherji, et 
al, through this, as argued in [31] this kind of solution suffers from an instability. Indeed, the 
inner horizon is the Cauchy horizon for this charged AdS black hole and is unstable under linear 
fluctuations about the equilibrium black hole space-time. So when the orbit crosses the inner 
horizon of the black hole, it is not sufficient to consider only the unperturbed background. The 
backreaction on the background metric due to the fluctuating modes has to be taken into account. 
This backreaction is significant and may produce a curvature singularity. It should be noted that 
this pathology occurs only for /3 = 0. For /3 7^ 0, no outward crossing of the horizon occurs. 
Thus, from our point of view, f3 acts as a regulator; keeping it small, but finite, is essential for 
the handling of quantum fluctuations. 

If we now tune A4 to non-zero values, we obtain qualitatively different solutions. In the 
simplest case, when there is no chemical potential {Q = 0), for sufficiently small A4 > 0, and 
k = 1 (spherical geometry) we recover the de Sitter brane scenario of ref. [32j . As an example, 
set M = 1, A4 = 0.5. For /3 = 0, we obtain two fixed points a = 1.13, 2.11, outside the outer 
horizon (r+ = 1.03). As we increase f3 (i.e., G5, or equivalently, decrease G4), the larger fixed 
point increases and the smaller one decreases. After it hits the horizon, the smaller fixed point 
disappears and we only have one fixed point. No fixed points exist inside the horizon. 

In the same set up and keeping all other parameters fixed to the afore-mentioned values, 
if we now turn on the chemical potential, we obtain one more fixed point away from the outer 
horizon. For Q = 1 this is shown in figure flbl Similarly to the A4 = case, here we also obtain 
one bouncing solution with two fixed points, one inside the inner horizon (figure [2bl) and the other 
outside the outer horizon. This solution for a(T) is plotted in figure Hal Additionally, at a = 7.09 
there is another fixed point. We obtain an accelerating solution from this point (figure HE]). In 
the region between the first fixed point outside the outer horizon (a = 3.06) and second one at 
a = 7.09, the square of the Hubble parameter is negative, hence there is no physical solution in 
this region. 

Comparing the brane world scenario (|46p with the general case, ^ 7^ 0, we observe that there 
are no qualitative differences in the flat case (A: = 0). In the case of curved horizon (boundary). 
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k = ±1, in general one obtains fixed points other than the ones obtained in the brane world 
scenario. As an example, consider the choice of parameters 

k = +l , M = 8 , (5 = 1, A4 = 0.05 , /3 = 6 . (48) 

We have only one fixed point in this case, at a = 7.705 (figure fld|l . The solution is accelerating 
as shown in figure [5j There is no bouncing solution for any set of parameters once we go away 
from the special case /3 = 0. 

For /3 7^ 0, if we set A4 = 0, we do not obtain any physical solution. One such situation is 
depicted in figure [Tel As we see, the square of the Hubble parameter is imaginary for all values 
of the cosmic scale a in this case. 




(c) (d) 

Figure 1: Cosmological evolution scenarios for various values of parameters. Solid and dashed 
lines are plots of a? and a, respectively. Dotted lines denote the black hole potential with its 
zeros indicating the positions of the inner and outer horizons. 
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1.0 



0.3555 0.3560 0.3565 ' O..3570 0.3575 0.3580 



0.3555 0.3560 0.3565 ■O..3570 0.3575 0.3580 



-1.0 L -l^L 

(a) (b) 

Figure 2: Solid lines are plots of whereas dotted lines are plots of the black hole potential 
for /? = and (a) A4 = 0, (b) A4 = 0.05. The inner fixed points and the position of the inner 
horizon are shown. 




Figure 3: Plot of a vs r for /? = 0, A4 = 0. 




(b) 



Figure 4: Plots of a vs r for /9 = 0, A4 = 0.05. In (a) we have a bounce. Initial conditions are 
chosen as a(0) = 0.356. At r = 3.642, a reaches the second fixed point, a = 3.059. In (b) we have 
an accelerating solution, with initial condition chosen as a(0) = 7.090. 
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: : : : , : : : : , : : : : , : : : : L J 

5 10 15 20 

Figure 5: Plot of a vs r for /? = 6, A4 = 0.05. The initial condition is chosen as a(0) = 7.705. 



6 Conclusion 

In conclusion, we discussed the cosmological evolution derived from a static bulk solution of the 
field equations with appropriately defined mixed boundary conditions using the gravity/gauge 
theory duality (holography). Such an approach was first discussed in [T7]. We extended the 
results of [17| by considering a boundary hypersurface at arbitrary distance. We calculated the 
general form of the stress-energy tensor and arrived at a generalized form of the Hubble equation 
of cosmological evolution. We considered various explicit examples in detail based on an AdS 
Reissner-Nordstrom bulk black hole solution. Interestingly, we obtained the brane-world scenario 
as a special case, by fine-tuning the parameters of the system, setting /3 = (eq. (j42p ). However, 
keeping /? small but finite is important in order to avoid scenarios in which the boundary crosses 
the event horizon from within [30]. Thus, /3 acts as a regulator for such problematic solutions for 
which quantum fluctuations introduce instabilities |31j . Moreover, the counterterms one normally 
introduces to cancel the infinities were shown to have the usual field theoretic interpretation 
of renormalizing the bare parameters of the system (Newton's constant and the cosmological 
constant). 

It would be interesting to explore the parameter space of the cosmological system further to 
obtain scenarios of cosmological evolution of interest, such as understanding inflation, and phase 
transitions in general, in a holographic setting. Various extensions are also possible, such as 
addition of matter fields on the boundary (without gravity duals). Also, anisotropic cosmologies 
are possible from a static bulk background, if the boundary hypersurface is chosen with a different 
geometry than the horizon (e.g., flat boundary {k = 0) in a bulk black hole background of spherical 
horizon (k = +!))■ Work in this direction is in progress |33j . 
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